Radiative heat transfer in three-dimensional inhomogeneous, nongray and anisotropically scattering participating media was investigated by using REM 2 method. The accuracy of the method was veri®ed by benchmark comparisons against the solutions of Monte Carlo and YIX methods in the case of three-dimensional inhomogeneous media and in the case of three-dimensional media composed of nongray CO 2 gas and carbon particles with strong anisotropically scattering. The ray eect and the in¯uences of radiation element division and spectral discretization were examined. The present predictions of heat¯ux,¯ux divergence and emissive power were found to be in good agreement with those by Monte Carlo and YIX methods. As an example of an application of engineering interest, radiative heat transfer in a boiler model with non-isothermal, nongray, and anisotropically scattering media is numerically studied. The distributions of radiative heat¯ux and¯ux divergences in the boiler furnace are obtained. It is found that larger heat¯uxes appear at the wall near the¯ame and larger heat¯ux divergences exist around the boundary of the¯ame. The eect of particle radiation is small in the region downstream the¯ame. 7
Introduction
In recent decade, signi®cant progress has been made in the development of solution methods for three-dimensional radiative heat transfer in absorbing, emitting and scattering participating media [1] . As pointed out by Farmer and Howell [2] , however, it is usually a formidable task if the nongray and anisotropically scattering characters of the medium are accounted for. The application to complex three-dimensional con®gurations is also dicult. The REM 2 method proposed by Maruyama and Aihara [3] has been demonstrated in gray homogeneous media with complex con®gurations in Refs. [3, 4] . Recently, it was developed to take the nongray and anisotropic scattering properties into account in three-dimensional homogeneous medium by Maruyama et al. [5] . However, it has only been veri®ed in one-dimensional plane parallel plates with gray or nongray and anisotropic scattering media. As noted by Tong and Skocypec [1] in their recent summary on comparison of radiative transfer solutions, several numerical methods which predicted similar one-dimensional results failed to describe similar behavior in three-dimensional nongray and anisotropic scattering medium. Thus, the REM 0017-9310/00/$ -see front matter 7 2000 Elsevier Science Ltd. All rights reserved. PII: S 0 0 1 7 -9 3 1 0 ( 9 9 ) 0 0 3 0 9 -9 www.elsevier.com/locate/ijhmt method has to be veri®ed in three-dimensional nongray and anisotropically scattering media. Moreover, the method has not been applied to three-dimensional inhomogeneous medium which is usually encountered in industrial systems such as furnaces and combustion chambers. These motivate the present study.
To assess the current capability for solving nongray, anisotropically scattering three-dimensional radiation problems, a speci®c problem [1] was recently formulated for benchmark comparisons of solving methods. The problem considered threedimensional radiative heat transfer in a rectangular enclosure containing a mixture of anisotropically scattering carbon particles, nongray CO 2 gas, and N 2 . Several solution techniques, such as Monte Carlo method [2] , YIX method [6] , and Generalized Zonal method [7] , have been applied to solve this problem. The published results of these methods may be served as benchmark comparisons for other solutions.
Inhomogeneity is usually a basic feature in most engineering applications. In the REM 2 method, the temperature and radiative properties are assumed to be uniform and constant in each radiation element. However, these properties can be inhomogeneous among dierent radiation elements. Hence, it can be easily applied to inhomogeneous participating media. Recently, Hsu and Farmer [8] presented benchmark solutions of radiative heat transfer within three-dimensional nonhomogeneous participating media by using the Monte Carlo and YIX methods. It is necessary for the present method to be veri®ed in inhomogeneous participating medium. The numerical uncertainty of the present method, such as the eects of directional discretization and spatial discretization, should be examined.
Accurate prediction of thermal radiation in combustion chamber has been an important and active research subject in recent years [9±13] . It is of practical signi®cance that the radiation in the¯ame and combustion systems are treated as nongray, anisotropically scattering and inhomogeneous due to the radiation of combustion gas and carbon particles and the non-uniform distributions of temperature and absorbing gaseous species. However, many investigators in combustion ®eld do not take the nongray and anisotropically scattering characteristics into account. The assumption of isotropic scattering is somewhat questionable.
In the present treatise, the REM 2 is developed to incorporate the spectral dependence of radiation properties, the anisotropically scattering of particles, and the inhomogeneous properties of participating media. The Elsasser narrow band model is employed in conjunction with the exponential wide band model for combustion gas radiation. The use of such a gas model is for the convenience of benchmark comparison. The present approach is ®rst compared with the Monte Carlo and YIX methods in a three-dimensional inhomogeneous gray medium. Comparisons of the predictions of heat¯ux,¯ux divergence and emissive power are performed. The eects of ray emission bundles and element division mesh are examined. Then, the radiative heat transfer in three-dimensional rectangular media involving nongray CO 2 gas and anisotropic scattering carbon particles is investigated. The accuracy of the present method is veri®ed by benchmark comparisons with the published Monte Carlo and YIX calculations. The in¯uence of spectral discretization is discussed. Finally, the radiative heat transfer is demonstrated in a boiler furnace with inhomogeneous and nongray radiation properties. The distributions of heat¯ux at the walls and heat¯ux divergence inside the boiler are obtained. The eect of particle volume fraction on radiative heat transfer in the furnace is discussed.
Mathematical model
Considering a radiation element of participating medium, the spectral radiation intensity I l atr in the direction s can be formulated as
where k l and s s, l are the spectral absorption and scattering coecients, respectively, and F l s H 4 s is the phase function.
To simplify the problem, the following assumptions are introduced: (1) temperature, heat generation rate and refractive index in each element is constant and uniform; (2) scattering in the participating medium is isotropic, while scaling technique is employed for anisotropic scattering; (3) the scattering radiation distributes uniformly over the element. The third term of the right-hand side of Eq. (1) is then approximated as
where I D l is the averaged diuse radiant intensity. It is worth noting that I D l is similar to diuse radiosity that was used for radiation transfer of arbitrary diuse and specular surfaces [14] . Introducing the extinction coecient b l and scattering albedo O, Eq. (1) is rewritten as
If the albedo O l is rede®ned as O D l and the specular re¯ectivity of surface element O S l is de®ned, a generalized form of the spectral radiant energy of element i, which may be either a volume or a surface element, can be expressed as follows: 
where an averaged thickness of the radiation element in the direction s was introduced as
in which, V and A s are the volume and area projected onto the surface normal to s, respectively. It is worthy of noticing that A R i, l is identical to the surface area for a surface element in which the reverse side is not incorporated, and A R i, l is a function of wavelength for a nongray participating medium. The rate of spectral radiation energy emitted and isotropically scattered by the radiation element can be expressed in a generalized form as
where
iY l , and Q J, i, l is the diuse radiation transfer rate. The net rate of heat generation can be derived from the heat balance on the radiation element as
The expressions of heat transfer rates of irradiation energy Q G, i, l and emissive power Q T, i, l of the radiation element are
If the system is consisted of N volume and surface elements, then Eqs. (7) and (8) can be rewritten as
in which, the absorption view factor F A i, j and diuse scattering view factor F D i, j are introduced [3] . It should be noted that the two view factors are functions of wavelength for a nongray participating medium. The heat transfer rate of spectral emissive power Q T, i, l for each radiation element is given as a boundary condition. The unknown Q X, i, l can be attained by solving Eq. (10). The total net rate of heat generation is obtained as
The heat¯ux of a surface element or the heat¯ux divergence of a volume element is calculated by
in which, V i A i for a surface element. The radiation elements consisted of numerous polygons and polyhedrons can be produced by applying general purpose pre-and post-processor packages for the ®nite element method, e.g., the CAE software PATRAN. The radiation elements used in the present study are composed of arbitrary triangles, quadrilaterals, tetrahedrons, wedges, and hexahedrons. The view factors are calculated by using ray tracing method based on the ray emission model as described by Maruyama and Aihara [3] .
Spectral optical properties
The Elsasser narrow band model is used in conjunction with the correlation parameters in Edwards wide band model [15] to determined the spectral absorption coecients of CO 2 and H 2 O, which is given as follows,
in which, C 1 , C 2 , C 3 and P e are the gas band correlation parameters [16] . The apparent extinction coecient of element in direction s is evaluated based on the computation of gas transmittance through the element. Since each element is homogeneous, it is not necessary to employ Curtis±Godson method for the treatment of inhomogeneity. The spectral correlation is considered in the calculation of view factors.
The particles are assumed to be carbon spheres with a diameter of 30 mm in all the models of the present study. Mie theory and the optical constants for carbon specimen number 2 in Foster and Howarth [17] were used to compute scattering and extinction eciencies. The values are listed in Table 1 of Tong and Skocypec [1] . The scattering phase function was approximated by a delta-Eddington function [18] as
where f 0X111 and g 0X215X Since Eq. (2) requires the assumption of isotropic scattering, the phase function of Eq. (17) is scaled to zeroth-order delta function approximation [19, 20] . The scaled extinction coecient b
in which a 1 3f g À f Á g when Eq. (17) is applied. Maruyama [19] and Guo and Maruyama [20] examined the accuracy of the zeroth-order approximation in one-and three-dimensional systems for forward and backward anisotropically scattering media. The ®nal extinction coecient of the mixture of particles and gases is expressed as
where b gk is the apparent extinction coecient of the kth gas, and N g is the total number of gas components.
Results and discussion

Cube with inhomogeneous gray media
The radiative heat transfer in a unit cube with inhomogeneous gray media is investigated and compared with the results of other solutions. The geometry is shown in Fig. 1 , in which L H W 1X All the walls are black. The optical thickness t = extinction coecient Â the side length, W ) distribution is given by
A linear anisotropic scattering phase function is assumed:
where P 1 is the ®rst-order term of Legendre series, and a 1 is the coecient which can also be used in Eq. (18) when isotropic scaling is adopted. The scattering albedo is set as 0.9. It should be noted that the deltaEddington phase function is employed in most of the present study except in this subsection. It is also worthy to point out that all the variables in this subsection do not have units. Two dierent cases are selected for study. In case C1: a 0X9, b 0X1, a 1 0, blackbody emissive power in the medium is given as unity, and all the walls are cold. In case C2: a 5, b 5, a 1 1, the radiative equilibrium is assumed, the wall at X À0X5 has the black body emissive power and the rest walls are cold. The predicted divergence of heat¯ux and surface heat¯ux for case C1 are compared with the calculations of Monte Carlo and YIX methods [8] in Table 1 . The cubic medium was divided into 9 Â 9 Â 9 volume elements in the present calculations. The eect of ray emission bundles is also shown in Table 1 . For all ray emission numbers ranged from Nr 45 to Nr 2141, the general dierences of heat¯ux and¯ux divergence between the present method and the Monte Carlo and YIX methods are within 2%.
The in¯uence of volume element division is displayed in Fig. 2(a) and (b) for case C2. Three sets of volume element mesh are selected for comparison and the ray emission number is set as 2141. The results are also compared with the available data of Monte Carlo method [8] . In Fig. 2(a) The in¯uence of volume element division on radiative heat¯ux is illustrated in Fig. 2(b) . It is found that the in¯uence of volume element mesh is larger on the heat ux in the walls than on the emissive power inside the medium. The dierence of heat¯ux between the coarse mesh 5 Â 5 Â 5 and ®ne mesh 19 Â 19 Â 19 ranges from 5% to 12% depending on the locations. The largest dierence of heat¯ux between the present method and the Monte Carlo method is less than 2% for ®ne mesh 19 Â 19 Â 19 and less than 5% for intermediate mesh 9 Â 9 Â 9). The ®ner is the element mesh grid, the more accurate is the prediction. However, the present method gives reasonably accurate solution even with coarse radiation element mesh.
As pointed out by Chai et al. [21] , the ray eect at the cold walls is serious in radiative transfer analysis of a complex geometry when one wall is hot and the other walls are cold. The in¯uence of ray emission number is demonstrated in Fig. 3 for case C2, in which one wall is hot and the scattering is anisotropic. The pro®les of radiative heat¯ux along the cold wall X 0X5 and Y 0 are illustrated for Nr 45, 155, 561 and 2141, respectively. The element mesh grid is 9 Â 9 Â 9X It is seen that the general dierence between the predictions of a large number of ray emissions Nr 2141 and a small number of ray emissions Nr 45 is approximately 5%, while the largest dierence of 15% is found at the corners of the cube. When the number of ray emissions is not less than Nr 155, the ray eect is small. However, the ray eect is more obvious in case C2 than in case C1, in which the scattering is isotropic and all the walls are cold. Nevertheless, the ray eect, which causes errors by the discrete ordinate method [21] , is minimized in the present method. This is because the calculation of view factors is corrected using a method similar to that of Omori et al. [22] and the number of ray emission in the present solution is usually much larger than that used in the discrete ordinate method.
Rectangular enclosure with nongray media
The accuracy of the present method is then veri®ed for three-dimensional nongray and anisotropic scattering media. The geometry and coordinates also shown in Fig. 1 , but with L 2 m, H 3 m and W 5 m. The medium is a mixture of CO 2 and N 2 gases and carbon particles. The pressure of the total mixture is speci®ed at 1 atm, with a volume fraction of CO 2 of 0.21. The temperature of the medium is constant and uniform at 1000 K. The enclosure is covered with black and cold surfaces. A one-eighths symmetric analysis model, in which three symmetric surfaces are speci®ed as totally specular re¯ection of O S 1, is considered in the present calculations. The analysis model includes 216 volume elements, 108 black surface elements and 108 perfect mirror elements. The number of ray emissions from each element is 155.
The benchmark comparisons against the Monte Carlo and YIX solutions are shown in Fig. 4 for the predictions of radiative heat¯ux for three levels of carbon particle density. It is seen that the present calculations are in good agreement with the simulations of Monte Carlo method [2] and YIX method [6] for all three levels of carbon density. The present results are very close to the calculations of Monte Carlo method for optical thin Nc 2X0 Â 10 7 particles/m 3 ) and optical thick Nc 2X0 Â 10 9 particles/m 3 ) participating media. The dierence of heat¯ux between these two solutions is generally 5%. For the medium with intermediate optical thickness Nc 2X0 Â 10 8 particles/m 3 ), the dierence of heat¯ux between the present method and Monte Carlo method becomes larger in the vicinity of boundaries. The largest dierence of the predicted heat¯ux is approximately 18%.
The benchmark comparison is extended to Fig. 5 , in which the divergence of radiative¯ux is compared between the present simulation and the Monte Carlo computation [2] . It is seen that the dierence of¯ux divergence between the two solutions is basically within 10%. However, 20% dierence exists in the vicinity of boundaries. The dierence of the radiative transfer predictions between any two solutions of the present method, Monte Carlo method and YIX method is much larger in nongray medium than in gray medium. This may be attributed to the dierent spectral integration techniques used in the three dierent methods as noticed by Hsu and Farmer [8] .
The computation eciency is also of major concern in radiation transfer calculations of three-dimensional con®gurations. In the present computations, a personal computer VT-Alpha/533 was employed, and the number of spectral discretization was set to be 100. The total CPU time including the calculations of view factors and radiative transfer is approximately 240 s. When the particle density increases, i.e., the participating media changes from optical thin Nc 2X0 Â 10 7 particles/m 3 ) to optical thick Nc 2X0 Â 10 9 particles/ m 3 ), the CPU time is slightly decreased. This is due to the ray tracing time decreases as the optical length of the medium increases. This tendency is dierent from the YIX method, in which the CPU time increases as the optical thickness of the medium increases.
The in¯uence of spectral discretization is shown in Fig. 6 for the same gas and particle mixture with lower level of particle density Nc 2X0 Â 10 7 particles/m 3 ). The total spectrum ranges from 100 to 10000 cm À1 . The spectrum was divided into 50, 100, 400, and 1000 sub-bands, respectively. It is seen from Fig. 6(a) that, the case of 100 sub-bands overestimates the radiative heat¯ux by 3±5% compared with the case of ®ne spectral discretization (1000 sub-bands). The overestimation increases 6±10% when the spectral discretization Fig. 5 . Benchmark comparisons of heat¯ux divergence in three-dimensional enclosure with mixture of CO 2 gas and carbon particles for three levels of particle density. Fig. 4 . Benchmark comparisons of radiative heat¯ux in three-dimensional enclosure with mixture of CO 2 gas and carbon particles for three levels of particle density.
further decreases to 50 sub-bands. However, the dierence of heat¯ux between 400 sub-bands and 1000 subbands is minor. From Fig. 6(b) , it is seen that the inuence of spectral discretization on the divergence of heat¯ux is not as large as on the surface heat¯ux. The in¯uence becomes strong at the locations near the boundary, where 4% dierence of¯ux divergence is detected between 100 and 1000 sub-bands. We have also studied the in¯uence of spectral discretization for larger particle density. We found that the in¯uence becomes weak when the particle density increases. This is because the spectral-dependence of particle radiation is weak. The CPU time for the calculation of nongray radiative heat transfer is linearly proportional to the number of spectral discretization. It is, therefore, valuable to know the trade-o between accuracy and eciency for the calculation of nongray radiative heat transfer in complex con®gurations. When the particle radiation is comparable to or stronger than the gas radiation in the media containing mixture of gases and particles such as in coal-¯amed or oil-¯amed furnaces, reasonable accuracy and high computation eciency can be achieved with a relative coarse spectral discretization.
The present REM 2 method is veri®ed by benchmark comparisons against the Monte Carlo and YIX methods. However, it should be reminded that even Monte Carlo method is subject to statistical error. No numerical method is currently well acknowledged to have priority over other methods in the ®eld of radiative transfer in three-dimensional inhomogeneous, nongray, and anisotropic scattering media.
Radiation transfer in a boiler model
As an example of application of engineering interest, radiative heat transfer in a boiler model as shown in Fig. 7 is investigated. The boiler is operated at atmospheric pressure. The combustion gas is composed of CO 2 , H 2 O and N 2 , and the mole fractions of CO 2 and H 2 O are assumed to be 0.119 and 0.085, respectively. The composition of the combustion gas is assumed to be uniform all over the boiler. The temperature of the boiler wall is 623 K, except 813 K is assumed in the gas exit wall. All walls are diuse with emissivity of 0.8. Following the study of Aoki et al. [23] , a non-uniform temperature pro®le inside the boiler is assumed as follows.
when ZrH 1 Fig. 6 . In¯uence of spectral discretization on radiative heat transfer in three-dimensional enclosure with mixture of CO 2 gas and carbon particles for Nc 2X0 Â 10 7 particles/m 3 . 
in which, a 1 1, b 1 2X5, a 2 2X8, b 2 1, and the input fuel temperature T 0 563 K. The soot inception region in¯ame is found to occur at the high temperature edge with maximum intensity in a region at 1300± 1650 K according to the measurement of Smyth et al. [24] . The carbon particles in the present model are assumed to be produced uniformly in a region where 1000 K T 2000 K and H 1 a9Z6H 1 a9X Three cases of particle volume fraction of f v 10 À6 , 10
À5
and 10 À4 are studied. The model is speci®ed to simulate the example of a 125 MW e boiler furnace using heavy oil as the fuel as studied by Aoki et al. [23] . It should be mentioned that the distributions of gases and particles, and the temperature pro®les in this model are not realistic. We have adopted this model to assess the applicability of the present method in analyzing radiative transfer in complex con®gurations with inhomogeneous, nongray and anisotropically scattering participating media.
The arrangement of radiation element is also shown in Fig. 7 . In actual calculation, a half analysis model is employed since the boiler is symmetric along the center plane of Y La2X The number of spectral discretization is set as 100 and the number of ray emissions from each element is selected as 155 based on the previous analysis of sensitivity.
The distributions of normalized heat¯ux q x asT 4 n , T n 2000 K) at the wall are illustrated in Fig. 8 for three levels of particle volume fraction. It is seen that larger heat¯uxes are distributed at the wall near thē ame region, while the heat¯uxes on the surfaces in pure combustion gas and gas exit regions are very low. This is particularly obvious when the particle volume fraction is larger f v 10 À4 ). It reveals that the radiation from high temperature particles may be much stronger than that from high temperature combustion gas in highly particle-laid¯ames. The heat¯ux at the wall near the¯ame is strongly in¯uenced by the particle volume fraction. The larger the particle volume fraction is, the higher the magnitude of heat¯ux. The largest values of normalized heat¯ux are 0.198, 0.321 and 0.617, respectively for f v 10 À6 , 10 À5 and 10
À4
. However, the heat¯ux is slightly in¯uenced by the particle volume fraction at the top wall of the furnace, which is far away from the¯ame and the radiation there is mainly from the combustion gas. Thus, it is seen that the distributions of radiative heat¯ux at the walls of the upper part of the furnace are similar for all three levels of particle volume fraction. When the particle volume fraction increases from f v 10 À6 to f v 10 À4 , the value of heat¯ux is increased by only 5±15% at those regions.
The distributions of normalized heat¯ux divergence q x WasT 4 n at the central plane of Y La2 inside the boiler are depicted in Fig. 9 for three levels of particle volume fraction. It is also seen that the in¯uence of particle volume fraction is very weak in the region of pure combustion gas downstream of the¯ame, and the distributions of¯ux divergence are similar in that region for all three levels of particle volume fraction. However, the divergence of heat¯ux at the locations around the¯ame boundaries increases obviously as the particle volume fraction increases. Larger values of ux divergences are found at the corners of the¯ame for the cases of f v 10 À5 and 10
. From the center of the¯ame to the boundary of the boiler, the¯ux divergence becomes larger until a location around the boundary of the¯ame. Then, the divergence of heat ux decreases from the boundary of the¯ame to the wall. Negative values of divergence of heat¯ux appear in the fuel-and air-input regions. This means that the radiative heat from the¯ame is absorbed in those areas because of the absorption of low temperature combustion gas, which is cooled by the input of very low temperature fuel and air (563 K). Therefore, the heat¯uxes are much lower at the wall X W near the fuel-and air-input region than at the wall Y 0 near the¯ame as shown in Fig. 8 .
Conclusions
The REM 2 method has been developed to investigate radiative heat transfer in inhomogeneous, nongray, and anisotropically scattering media with complex geometry for the ®rst time. The accuracy and sensitivity of the method was evaluated by benchmark comparisons against the published calculation results of Monte Carlo and YIX methods in three-dimensional radiative transfer problems. The general dierence of the predicted radiative heat transfer between the present method and the Monte Carlo and YIX methods was 2% for gray inhomogeneous media, while a general dierence of 10% was found for participating media containing nongray gas and anisotro- pically scattering particles. The present study clari®ed the accuracy of REM 2 method. The in¯uences of ray emission number, radiation element number and spectral discretization were examined. It is found that the ray eect is obvious at the boundaries of the walls for a three-dimensional anisotropically scattering medium. However, the ray eect can be minimized by the increase of the number of ray emission bundles. The increase of ray emission number just increases the computational time of view factors, but does not in¯uence that of radiative transfer. Three sets of element division mesh grid for a cubic medium were selected to study the in¯uence of radiation element number. It is found that a coarse mesh grid may overestimate the radiative heat¯ux. However, the tendency of the pro®les of heat¯ux and emissive power for a coarse mesh grid is in reasonably good agreement with that of a ®ne mesh grid. The in¯uence of spectral discretization is important for gas radiation. For a medium containing mixture of gases and particles, a relative coarse spectral discretization gives reasonable accurate predictions when the radiation of particles is not weaker than the radiation of gases. It is important to compromise the trade-o between the accuracy and the computation eciency which are strongly dependent on the numbers of ray emission, element division and spectral discretization.
The radiative heat transfer in a boiler model with nongray combustion gas, anisotropic scattering particles and non-uniform temperature pro®les was investigated. The complex con®guration of the boiler was easily dealt with unstructured radiation elements composed of numerous polygons and polyhedrons. The distributions of heat¯ux and¯ux divergence were obtained. It is found that the heat¯uxes are larger at the walls near the¯ame, where a number of radiation particles exist. The magnitude of heat¯ux divergence at the boundaries of the¯ame is larger than other regions inside the boiler. As the particle volume fraction increases, the magnitudes of both radiative heat ux and¯ux divergence increase. However, the in¯u-ence of particle radiation is small in the pure combustion gas region far downstream of the¯ame. A part of radiative heat from the¯ame is absorbed by the low temperature combustion gas in the fuel-and air-input region.
